Some conjectures on addition and multiplication of complex (real)
  numbers by Tyszka, Apoloniusz
ar
X
iv
:0
80
7.
30
10
v2
5 
 [m
ath
.C
A]
  2
1 N
ov
 20
08
Some onjetures on addition and multipliation of omplex (real) numbers
Apoloniusz Tyszka
Abstrat. We disuss onjetures related to the following two onjetures:
(I) (see [7℄) for eah omplex numbers x1, . . . , xn there exist rationals y1, . . . , yn ∈
[−2n−1, 2n−1] suh that
∀i ∈ {1, . . . , n} (xi = 1 ⇒ yi = 1) (1)
∀i, j, k ∈ {1, . . . , n} (xi + xj = xk ⇒ yi + yj = yk) (2)
(II) (see [6℄, [7℄) for eah omplex (real) numbers x1, . . . , xn there exist omplex (real)
numbers y1, . . . , yn suh that
∀i ∈ {1, . . . , n} |yi| ≤ 22
n−2
(3)
∀i ∈ {1, . . . , n} (xi = 1 ⇒ yi = 1) (4)
∀i, j, k ∈ {1, . . . , n} (xi + xj = xk ⇒ yi + yj = yk) (5)
∀i, j, k ∈ {1, . . . , n} (xi · xj = xk ⇒ yi · yj = yk) (6)
Mathematis Subjet Classiation: 03B30, 12D99, 14P05, 15A06, 15A09
Keywords: system of linear equations, system of polynomial equations, solution
with minimal Eulidean norm, least-squares solution with minimal Eulidean norm
For a positive integer n we dene the set of equations Wn by
Wn = {xi = 1 : 1 ≤ i ≤ n} ∪ {xi + xj = xk : 1 ≤ i ≤ j ≤ n, 1 ≤ k ≤ n}
Let S ⊆ Wn be a system onsistent over C. Then S has a solution whih onsists of
rationals belonging to [−(√5)n−1, (√5)n−1], see [7, Theorem 9℄. Conjeture (I) states
that S has a solution whih onsists of rationals belonging to [−2n−1, 2n−1].
Conerning Conjeture (I), estimation by 2n−1 is the best estimation. Indeed, the
system 

x1 = 1
x1 + x1 = x2
x2 + x2 = x3
x3 + x3 = x4
...
xn−1 + xn−1 = xn
has preisely one omplex solution: (1, 2, 4, 8, . . . , 2n−2, 2n−1). Conerning Conjeture (II),
for n = 1 estimation by 22
n−2
an be replaed by estimation by 1. For n > 1 estimation
by 22
n−2
is the best estimation, see [7℄.
For eah onsistent system S ⊆ Wn there exists J ⊆ {1, . . . , n} suh that the system
S∪{xi+xi = xi : i ∈ J} has a unique solution (x1, . . . , xn), see the proof of Theorem 9
in [7℄. If any S ⊆Wn has a unique solution (x1, . . . , xn), then by Cramer's rule eah xi
is a quotient of two determinants. Sine these determinants have entries among −1, 0,
1, 2, eah xi is rational.
For proving Conjeture (I), without loss of generality we an assume that the
equation x1 = 1 belongs to S and all equations xi = 1 (i > 1) do not belong to S.
Indeed, if i > 1 and the equation xi = 1 belongs to S, then we replae xi by x1 in all
equations belonging to S. In this way the problem redues to the same problem with
a smaller number of variables, for details see the text after Conjeture 3. Therefore,
for proving Conjeture (I) it is suient to onsider only these systems S ⊆ Wn of n
equations whih satisfy the following onditions:
S ontains the equation x1 = 1 and n − 1 equations of the form xi + xj = xk
(i, j, k ∈ {1, . . . , n}),
joining the equation x1 = 0 and the aforementioned n − 1 equations of the form
xi + xj = xk, we get a system of n linearly independent equations.
By the observations from the last two paragraphs, the following ode in MuPAD
yields a probabilisti onrmation of Conjeture (I). The value of n is set, for example,
to 5. The number of iterations is set, for example, to 1000. We use the algorithm whih
terminates with probability 1. For another algorithm, implemented in Mathematia,
see [4℄.
SEED:=time():
r:=random(1..5):
idmatrix:=matrix::identity(5):
u:=linalg::row(idmatrix,i) $i=1..5:
max_norm:=1:
for k from 1 to 1000 do
a:=linalg::row(idmatrix,1):
rank:=1:
while rank<5 do
m:=matrix(u[r()℄)+matrix(u[r()℄)-matrix(u[r()℄):
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a1:=linalg::stakMatrix(a,m):
rank1:=linalg::rank(a1):
if rank1 > rank then a:=linalg::stakMatrix(a,m) end_if:
rank:=linalg::rank(a):
end_while:
x:=(a^-1)*linalg::ol(idmatrix,1):
max_norm:=max(max_norm,norm(x)):
print(max_norm):
end_for:
Conjeture (I) holds true for eah n ≤ 4. It follows from the following Observation 1.
Observation 1 ([7, p. 23℄). If n ≤ 4 and (x1, . . . , xn) ∈ Cn solves S, then some (x̂1, . . . , x̂n)
solves S, where eah x̂i is suitably hosen from {xi, 0, 1, 2, 12} ∩ {r ∈ Q : |r| ≤ 2n−1}.
Let Ax = b be the matrix representation of the system S, and let A† denote
Moore-Penrose pseudoinverse of A. The system S has a unique solution x0 with
minimal Eulidean norm, and this element is given by x0 = A
†
b, see [5, p. 423℄.
For any system S ⊆ Wn, a vetor x ∈ Cn is said to be a least-squares solution if x
minimizes the Eulidean norm of Ax− b, see [1, p. 104℄. It is known that x0 = A†b
is a unique least-squares solution with minimal Eulidean norm, see [1, p. 109℄.
Sine A has rational entries (the entries are among −1, 0, 1, 2), A† has also rational
entries, see [2, p. 69℄ and [3, p. 193℄. Sine b has rational entries (the entries are among
0 and 1), x0 = A
†
b onsists of rationals.
Conjeture 1. The solution (The least-squares solution) x0 onsists of numbers be-
longing to [−2n−1, 2n−1].
Conjeture 1 restrited to the ase when card S ≤ n implies Conjeture (I). The
following ode in MuPAD yields a probabilisti onrmation of Conjeture 1 restrited
to the ase when card S ≤ n. The value of n is set, for example, to 5. The number of
iterations is set, for example, to 1000.
SEED:=time():
r:=random(1..5):
idmatrix:=matrix::identity(5):
u:=linalg::row(idmatrix,i) $i=1..5:
max_norm:=1:
for k from 1 to 1000 do
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b:=[1℄:
:=linalg::row(idmatrix,1):
for w from 1 to 4 do
h:=0:
h1:=r():
h2:=r():
h3:=r():
m1:=matrix(u[h1℄):
m2:=matrix(u[h2℄):
m3:=matrix(u[h3℄):
m:=m1+m2-m3:
:=linalg::stakMatrix(,m):
if h3=h2 then h:=1 end_if:
b:=append(b,h):
a:=linalg::pseudoInverse():
x:=a*matrix(b):
max_norm:=max(max_norm,norm(x)):
end_for:
print(max_norm):
end_for:
The following Conjeture 2 implies Conjeture (I), see [7℄.
Conjeture 2 ([7℄). Let B be a matrix with n−1 rows and n olumns, n ≥ 2. Assume
that eah row of B, after deleting all zeros, forms a sequene belonging to
{〈1〉, 〈−1, 2〉, 〈2,−1〉, 〈−1, 1, 1〉, 〈1,−1, 1〉, 〈1, 1,−1〉}
We onjeture that after deleting any olumn ofB we get the matrix whose determinant
has absolute value less than or equal to 2n−1.
Conjeture 3. If a system S ⊆Wn has a unique solution (x1, . . . , xn), then this solu-
tion onsists of rationals whose nominators and denominators belong to [−2n−1, 2n−1].
Conjeture 3 implies Conjeture (I). TheMuPAD ode below onrms Conjeture 3
probabilistially. As previously, the value of n is set to 5, the number of iterations is
set to 1000. We delare that
{i ∈ {1, 2, 3, 4, 5} : the equation xi = 1 belongs to S} = {1},
but this does not derease the generality. Indeed, (0, . . . , 0) solves S if all equations
xi = 1 do not belong to S. In other ases, let
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I = {i ∈ {1, . . . , n} : the equation xi = 1 belongs to S},
and let i = min(I). For eah j ∈ I we replae xj by xi in all equations belonging to S.
We obtain an equivalent system Ŝ with n− card(I) + 1 variables. The system Ŝ has a
unique solution (t1, . . . , tn−card(I)+1), and the equation xj = 1 belongs to Ŝ if and only
if j = i. By permuting variables, we may assume that i = 1.
SEED:=time():
r:=random(1..5):
idmatrix:=matrix::identity(5):
u:=linalg::row(idmatrix,i) $i=1..5:
abs_numer_denom:=[1℄:
for k from 1 to 1000 do
:=linalg::row(idmatrix,1):
rank:=1:
while rank<5 do
m:=matrix(u[r()℄)+matrix(u[r()℄)-matrix(u[r()℄):
if linalg::rank(linalg::stakMatrix(,m))>rank
then :=linalg::stakMatrix(,m) end_if:
rank:=linalg::rank():
end_while:
a:=(^-1)*linalg::ol(idmatrix,1):
for n from 2 to 5 do
abs_numer_denom:=append(abs_numer_denom,abs(numer(a[n℄))):
abs_numer_denom:=append(abs_numer_denom,abs(denom(a[n℄))):
end_for:
abs_numer_denom:=listlib::removeDupliates(abs_numer_denom):
print(max(abs_numer_denom)):
end_for:
The MuPAD ode below ompletely onrms Conjeture 3 for n = 5. We delare
that
{i ∈ {1, 2, 3, 4, 5} : the equation xi = 1 belongs to S} = {1},
but this does not derease the generality.
p:=[℄:
idmatrix:=matrix::identity(5):
u:=linalg::row(idmatrix,i) $i=1..5:
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for r1 from 1 to 5 do
for r2 from 1 to 5 do
for r3 from 1 to 5 do
m1:=matrix(u[r1℄):
m2:=matrix(u[r2℄):
m3:=matrix(u[r3℄):
m:=m1+m2-m3:
p:=append(p,m):
end_for:
end_for:
end_for:
p:=listlib::removeDupliates(p):
p:=listlib::setDifferene(p,[linalg::row(idmatrix,1)℄):
abs_numer_denom:=[℄:
s1:=nops(p)-1:
s2:=nops(p)-2:
s3:=nops(p)-3:
for n3 from 1 to s3 do
w2:=n3+1:
for n2 from w2 to s2 do
w1:=n2+1:
for n1 from w1 to s1 do
w0:=n1+1:
for n0 from w0 to nops(p) do
3:=linalg::stakMatrix(linalg::row(idmatrix,1),p[n3℄):
2:=linalg::stakMatrix(3,p[n2℄):
1:=linalg::stakMatrix(2,p[n1℄):
:=linalg::stakMatrix(1,p[n0℄):
if linalg::rank()=5 then
a:=(^-1)*linalg::ol(idmatrix,1):
for n from 2 to 5 do
abs_numer_denom:=append(abs_numer_denom,abs(numer(a[n℄))):
abs_numer_denom:=append(abs_numer_denom,abs(denom(a[n℄))):
end_for:
abs_numer_denom:=listlib::removeDupliates(abs_numer_denom):
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end_if:
end_for:
end_for:
abs_numer_denom:=sort(abs_numer_denom):
print(abs_numer_denom):
end_for:
end_for:
The following Conjeture 4 implies Conjeture (I), beause eah onsistent system
S ⊆ Wn an be enlarged to a system S˜ ⊆ Wn with a unique solution (x1, . . . , xn) and
(x1, . . . , xn) ∈ Qn.
Conjeture 4. Let rationals x1, . . . , xn satisfy |x1| ≤ |x2| ≤ . . . ≤ |xn|, and for eah
y1, . . . , yn ∈ Q, if
∀i ∈ {1, . . . , n} (xi = 1 ⇒ yi = 1)
and
∀i, j, k ∈ {1, . . . , n} (xi + xj = xk ⇒ yi + yj = yk),
then (x1, . . . , xn) = (y1, . . . , yn). We onjeture that for eah i ∈ {1, . . . , n − 1} the
inequality |xi| ≥ 1 implies |xi+1| ≤ 2 · |xi|.
Conerning Conjeture 4, the assumption |xi| ≥ 1 is neessary to state that |xi+1| ≤
2 · |xi|. As a trivial ounterexample we have (0, 1), (14 , 34 , 1, 32 , 2, 3) is a ounterexample
whih onsists of positive rationals alone. The MuPAD ode below probabilistially
onrms Conjeture 4. The value of n is set, for example, to 5. The number of iterations
is set, for example, to 1000.
SEED:=time():
r:=random(1..5):
idmatrix:=matrix::identity(5):
u:=linalg::row(idmatrix,i) $i=1..5:
max_ratio:=1:
for k from 1 to 1000 do
a:=linalg::row(idmatrix,1):
rank:=1:
while rank<5 do
m:=matrix(u[r()℄)+matrix(u[r()℄)-matrix(u[r()℄):
a1:=linalg::stakMatrix(a,m):
rank1:=linalg::rank(a1):
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if rank1 > rank then a:=linalg::stakMatrix(a,m) end_if:
rank:=linalg::rank(a):
end_while:
x:=(a^-1)*linalg::ol(idmatrix,1):
xx:=[max(1,abs(x[i℄)) $i=1..5℄:
xxx:=sort(xx):
maxratio:=max([xxx[i+1℄/xxx[i℄ $i=1..4℄):
max_ratio:=max(max_ratio,maxratio):
print(max_ratio):
end_for:
For a positive integer n we dene the set of equations En by
En = {xi = 1 : 1 ≤ i ≤ n} ∪
{xi + xj = xk : 1 ≤ i ≤ j ≤ n, 1 ≤ k ≤ n} ∪ {xi · xj = xk : 1 ≤ i ≤ j ≤ n, 1 ≤ k ≤ n}
Let T ⊆ En be a system onsistent over C (over R). Conjeture (II) states that T
has a omplex (real) solution whih onsists of numbers whose absolute values belong
to [0, 22
n−2
]. Both for omplex and real ase, we onjeture that eah solution of T
with minimal Eulidean norm onsists of numbers whose absolute values belong to
[0, 22
n−2
]. This onjeture implies Conjeture (II). Conjeture (II) holds true for eah
n ≤ 4. It follows from the following Observation 2.
Observation 2 ([7, p. 7℄). If n ≤ 4 and (x1, . . . , xn) ∈ Cn (Rn) solves T , then
some (x̂1, . . . , x̂n) solves T , where eah x̂i is suitably hosen from {xi, 0, 1, 2, 12}∩
{z ∈ C (R) : |z| ≤ 22n−2}.
Let us onsider the following four onjetures, analogial onjetures seem to be
true for R.
(5a) If a system S ⊆ En is onsistent over C and maximal with respet to inlusion,
then eah solution of S belongs to
{(x1, . . . , xn) ∈ Cn : |x1| ≤ 22
n−2 ∧ . . . ∧ |xn| ≤ 22
n−2}.
(5b) If a system S ⊆ En is onsistent over C and maximal with respet to inlusion,
then S has a nite number of solutions (x1, . . . , xn).
(5) If the equation x1 = 1 belongs to S ⊆ En and S has a nite number of omplex
solutions (x1, . . . , xn), then eah suh solution belongs to
{(x1, . . . , xn) ∈ Cn : |x1| ≤ 22
n−2 ∧ . . . ∧ |xn| ≤ 22
n−2}.
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(5d) If a system S ⊆ En has a nite number of omplex solutions (x1, . . . , xn), then
eah suh solution belongs to
{(x1, . . . , xn) ∈ Cn : |x1| ≤ 22
n−1 ∧ . . . ∧ |xn| ≤ 22
n−1}.
Conjeture 5a strengthens Conjeture (II) for C. The onjuntion of Conjetures
5b and 5 implies Conjeture 5a.
Conerning Conjeture 5d, for n = 1 estimation by 22
n−1
an be replaed by
estimation by 1. For n > 1 estimation by 22
n−1
is the best estimation. Indeed,
the system 

x1 + x1 = x2
x1 · x1 = x2
x2 · x2 = x3
x3 · x3 = x4
...
xn−1 · xn−1 = xn
has preisely two omplex solutions, (0, . . . , 0), (2, 4, 16, 256, . . . , 22
n−2
, 22
n−1
).
The following ode in MuPAD yields a probabilisti onrmation of Conjetures 5b
and 5. The value of n is set, for example, to 5. The number of iterations is set, for
example, to 1000.
SEED:=time():
p:=[v-1,x-1,y-1,z-1℄:
var:=[1,v,x,y,z℄:
for i from 1 to 5 do
for j from i to 5 do
for k from 1 to 5 do
p:=append(p,var[i℄+var[j℄-var[k℄):
p:=append(p,var[i℄*var[j℄-var[k℄):
end_for:
end_for:
end_for:
p:=listlib::removeDupliates(p):
max_abs_value:=1:
for r from 1 to 1000 do
q:=ombinat::permutations::random(p):
syst:=[t-v-x-y-z℄:
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w:=1:
repeat
if groebner::dimension(append(syst,q[w℄))>-1
then syst:=append(syst,q[w℄) end_if:
w:=w+1:
until (groebner::dimension(syst)=0 or w>nops(q)) end:
d:=groebner::dimension(syst):
if d>0 then print("Conjeture 5b is false") end_if:
if d=0 then
sol:=numeri::solve(syst):
for m from 1 to nops(sol) do
for n from 2 to 5 do
max_abs_value:=max(max_abs_value,abs(sol[m℄[n℄[2℄)):
end_for:
end_for:
end_if:
print(max_abs_value);
end_for:
If we replae
p:=[v-1,x-1,y-1,z-1℄: by p:=[℄:
var:=[1,v,x,y,z℄: by var:=[u,v,x,y,z℄:
max_abs_value:=1: by max_abs_value:=0:
syst:=[t-v-x-y-z℄: by syst:=[t-u-v-x-y-z℄:
for n from 2 to 5 do by for n from 2 to 6 do
then we get a ode for a probabilisti onrmation of Conjeture 5d.
It seems that for eah integers x1, . . . , xn there exist integers y1, . . . , yn ∈ [−2n−1, 2n−1]
with properties (1) and (2), f. [7, Theorem 10℄. However, not for eah integers
x1, . . . , xn there exist integers y1, . . . , yn with properties (3)-(6), see [7, pp. 1516℄.
The author used MuPAD Pro 4.0.6. SiFae Software GmbH & Co. KG, the
maker of MuPAD Pro, has been aquired by The MathWorks, the maker of MATLAB
tehnial omputing software. MuPAD Pro is no longer sold as a standalone produt.
A new pakage, Symboli Math Toolbox 5.1 requires MATLAB and provides large
ompatibility with existing MuPAD Pro appliations.
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